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1. Introduction
By and large, we follow notation and terminology of the great texts [3] on -groups and [5] on real-valued continuous
functions on completely regular spaces. We impose the blanket assumption that all -subgroups of C = C(X) contain constant
functions and separate points and closed sets in the completely regular space X .
Let G be an -subgroup of C . A realcompact space X is called a G-realcompactiﬁcation of X whenever X is (homeomor-
phic to) a dense subspace of X and every f ∈ G has an extension f  ∈ C(X). For instance, the Stone–Cˇech compactiﬁcation
βX of X is a C∗-realcompactiﬁcation of X (where, C∗ = C∗(X)) and the Hewitt realcompactiﬁcation υ X of X is a C-
realcompactiﬁcation of X .
Let X be a G-realcompactiﬁcation of X . By a weighted X-composition map on G we mean a map C from G into an
arbitrary C(Y ) for which there exist w ∈ C(Y ) and a function ϕ : Y → X such that ϕ is continuous on coz(w) = {y: w(y) =
0} and
(C f )(y) = w(y) f (ϕ(y)) for all ( f , y) ∈ G × Y .
A map C : G → C(Y ) is called a weighted composition map on G if C is a weighted X-composition map on G for some G-
realcompactiﬁcation X of X . On the other hand, by a homomorphismwith domain G we mean any group homomorphism S :
G → C(Y ). A homomorphism S with domain G is said to be separating (or, disjointness preserving) if |S f | ∧ |S g| = 0 for all
f , g ∈ G with | f |∧ |g| = 0. Now, observe that any weighted composition map on G is a separating bounded homomorphism
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domain G a weighted composition map on G? A short historical account seems to be in order.
To the best of our knowledge, it goes back to Arendt [1] that any separating bounded homomorphism with domain
C∗ is a weighted βX-composition map on C∗ . Moreover, the ﬁrst named author [4] observed recently that any separating
bounded homomorphism with domain C is a weighted υ X-composition map on C . Actually, we presume that this result is
rather old, though we have not been able to locate a previous reference for it. Let us see whether such representations hold
for arbitrary -subgroups of C . Our discussion starts with a quite concrete situation.
Assume that X is not pseudo-compact and pick g in C − C∗ . Choose u ∈ βX for which g∗(u) = ∞. Here, g∗ is the Stone
extension of g in the one-point compactiﬁcation R∗ of R. It is readily checked that G = { f ∈ C : ( f /1+|g|)∗(u) ∈R} is an -
subgroup of C . The separating bounded homomorphism S with domain G deﬁned by (S f )(y) = ( f /1+|g|)∗(u) for all f ∈ G
is far from being a weighted composition map on G . That is, separating bounded homomorphisms with domain G need not
be weighted composition maps on G . In spite of that, we succeed in establishing a necessary and suﬃcient condition on the
given -subgroup G of C for separating bounded homomorphisms with domain G to be weighted composition maps on G .
We phrase the main result of this paper next.
Let G be an -subgroup of C . A function e ∈ G is called an intermediate unit if h = 0 whenever h : G → R is an -
homomorphism with he = 0. This nomenclature seems to be natural since, as we shall see next, any strong unit is an
intermediate unit and any intermediate unit is a weak unit. The fact that 1 is an intermediate unit in G turns out to
be the condition we are looking for. Indeed, the central result of this paper asserts that a separating bounded homomor-
phism with domain G is a weighted composition map on G if and only if 1 is an intermediate unit in G . Besides, the
G-realcompactiﬁcation of X that allows the proof to work is unique up to a homeomorphism that leaves X pointwise ﬁxed.
2. The main theorem and applications
Throughout this section, G stands for an -subgroup of C . Let Homb(G,R) denote the -group of all bounded group
homomorphisms from G into R. Put
σ X = {h ∈ Homb(G,R): h is separating and h1 = 1}.
Here, the constant function whose value is r ∈R is denoted by r. The next lemma turns out to be useful for later purposes.
Lemma 2.1. The following hold for h ∈ σ X.
(i) h is an -homomorphism.
(ii) hr = r for all r ∈R.
Proof. (i) Clearly, it suﬃces to prove that h is positive. Let n ∈ {1,2, . . .} and f ∈ G with 0  f . The inequality n  n + f
together with Proposition 2.2 in [2] yields that
n = |hn| ∣∣h(n+ f )∣∣= |n + h f |.
Hence, 0 (2+ n−1h f )h f and so 0 h f because n is arbitrary in {1,2, . . .}. This means that h is positive.
(ii) Obviously, hq = q for all q ∈ Q. Let r ∈ R and choose a sequence (rn) in Q such that rn  r  rn + n−1 for all
n ∈ {1,2, . . .}. By (i), h is positive. We obtain rn  hr  rn + n−1 for all n ∈ {1,2, . . .}. It follows that hr = r and we are
done. 
Recall from the introduction that e ∈ G is an intermediate unit if h = 0 whenever h : G → R is an -homomorphism
with he = 0. Since the kernel of an -homomorphism is an -ideal (i.e., convex -subgroup), any strong unit in G is an
intermediate unit but not conversely (1 is an intermediate unit in C(R) which is not a strong unit). On the other hand, let
e be an intermediate unit in G and f ∈ G such that |e| ∧ | f | = 0. Take x ∈ X and observe that if e(x) = 0 then f (x) = 0.
Moreover, if e(x) = 0 then δxe = 0, where δx ∈ σ X is deﬁned by δx f = f (x) for all f ∈ G . It follows that δx = 0 so f (x) = 0.
In summary, f = 0 and e is a weak unit. The converse also fails as we can see with the function i ∈ C(R) given by i(x) = x
for all x ∈R. These observations would explain our choice of such a terminology.
We have gathered now all the ingredients we need for the proof of the main result of this paper.
Theorem 2.2. The following are equivalent.
(i) 1 is an intermediate unit in G.
(ii) There exists a unique (up to a homeomorphism that leaves X pointwise ﬁxed) G-realcompactiﬁcation υG X such that any separat-
ing bounded homomorphism with domain G is a weighted υG X-composition map on G.
(iii) Any separating bounded homomorphism with domain G is a weighted composition map on G.
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∣∣ fk − (h fk)1∣∣ ∈ G.
By Lemma 2.1, we have h f = 0 and then h( f − 1) = −1< 0. It follows that f (x) − 1< 0 for some x ∈ X . Therefore,
|δx fk − h fk| =
∣∣ fk(x) − h fk∣∣ ε f (x) < ε for all k ∈ {1, . . . ,m}.
Accordingly, {δx: x ∈ X} is dense is σ X . Now, a moment’s thought reveals that the map δ : X → {δx: x ∈ X} deﬁned by
δ(x) = δx for all x ∈ X is a homeomorphism. Thus, we may identify X with {δx: x ∈ X}. Consequently, if f ∈ G then the
function f σ : σ X →R deﬁned by
f σ (h) = h f for all h ∈ σ X
is an extension of f in C(σ X). So, σ X is a G-realcompactiﬁcation of X .
At this point, let S : G → C(Y ) be a separating bounded homomorphism and put w = S1. For every y ∈ coz(w) we
deﬁne hy ∈ σ X by
hy f = 1
w(y)
(S f )(y) for all f ∈ G.
Observe that the function ϕ : coz(w) → σ X given by
ϕ(y) = hy for all y ∈ coz(w)
is continuous. Besides,
(S f )(y) = w(y) f σ (ϕ(y)) for all ( f , y) ∈ G × coz(w).
Now, pick y ∈ Y such that w(y) = 0. The map sy : G →R deﬁned by
sy f = (S f )(y) for all f ∈ G
is a separating bounded homomorphism. By Theorem 2.4 in [2], there exists an -homomorphism ty : G →R such that
ty| f | = |sy f | for all f ∈ G.
Since ty1 = |sy1| = 0, we get ty = 0 and so sy = 0. It follows that (S f )(y) = 0 for all y /∈ coz(w). Consider any extension of
ϕ to Y and denote such an extension again by ϕ . We derive that
(S f )(y) = w(y) f σ (ϕ(y)) for all ( f , y) ∈ G × Y .
In summary, σ X is a G-realcompactiﬁcation of X for which any separating bounded homomorphism with domain G is a
weighted σ X-composition map on G .
Uniqueness. Suppose that there is another G-realcompactiﬁcation X for which any separating bounded homomorphism
with domain G is a X-weighted composition map on G . Deﬁne S : G → C(X) by S f = f  for all f ∈ G . It is not hard to
see that S is a separating bounded homomorphism with domain G . Hence, there exist w ∈ C(Y ) and a function X ϕ→ σ X
such that
f (y) = w(y) f σ (ϕ(y)) for all ( f , y) ∈ G × X
and ϕ is continuous on coz(w). Observe now that w = 1 and so ϕ is continuous on X . We get
f (y) = f σ (ϕ(y)) for all ( f , y) ∈ G × X .
In the same way, there exists a continuous function σ X
ψ→ X such that f σ (y) = f (ψ(y)) for all ( f , y) ∈ G × σ X . In
particular,
f (y) = f ((ψ ◦ ϕ)(y)) for all ( f , y) ∈ G × X .
Accordingly, ψ ◦ ϕ is the identity map of X and, analogously, ϕ ◦ ψ is the identity map of σ X . Therefore, ϕ is a homeo-
morphism. The fact that ϕ leaves X pointwise ﬁxed is straightforward.
(ii) ⇒ (iii) Trivial.
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-homomorphism h : G → R with h1 = 0. But then h itself is a separating bounded homomorphism with domain G which
is not a weighted composition map on G . This completes the proof. 
Next, we discuss special cases of the main theorem.
Corollary 2.3. If G is either an -subring of C or an -subgroup of C∗ , then any separating bounded homomorphism with domain G is
a weighted composition map on G.
Proof. By Theorem 2.2, it suﬃces to prove that 1 is an intermediate unit in G . Let h : G → R be an -homomorphism
with h1 = 0. Assume ﬁrst that G is an -subgroup of C∗ and let f ∈ G . There is n ∈ {1,2, . . .} for which | f |  n1. Hence,
0 |h f | = h| f | nh1 = 0 and so h = 0. Now, suppose G to an -subring of C . Let f ∈ G and n ∈ {1,2, . . .}. Observe that the
inequalities
0 2n| f | n21+ f 2
hold in G . We derive that 0  2n|h f |  h( f 2). This yields that h f = 0 because n is arbitrary in {1,2, . . .}. It follows that
h = 0 and we are done. 
The fact that if G is included in C∗ then any separating bounded group homomorphism with domain G is a weighted
composition map explains why in the introduction’s counter-example we had to assume that X is not pseudo-compact.
3. A structure-free construction of υG X
In this section, G is an -subgroup of C with 1 as an intermediate unit. By Theorem 2.2, there exists a unique G-
realcompactiﬁcation υG X for which any separating bounded homomorphism with domain G is a weighted υG X-composition
map. Call υG X the Hewitt G-realcompactiﬁcation of X . In the proof of Theorem 2.2, υG X is obtained as a structure space
of G . This last section is a sort of an appendix in which we give a structure-free construction of υG X .
An equivalence relation  can be introduced in βX by
u  v if and only if f ∗(u) = f ∗(v) for all f ∈ G.
Let π be the usual projection map from βX onto the set π [βX] of all equivalence classes. For f ∈ G , the function f ζ :




)= f ∗(u) for all u ∈ βX
is well-deﬁned. Henceforth, equip π [βX] with the weak topology induced by the family { f ζ : f ∈ G}. In particular, π is
continuous and π [βX] is a compact Hausdorff space. Now, deﬁne a subspace ζ X of π [βX] by
ζ X = {u ∈ π [βX]: f ζ (u) ∈R for all f ∈ G}.
This leads to the structure-free construction we were talking about.
Theorem 3.1. ζ X is the Hewitt G-realcompactiﬁcation of X .
Proof. From the obvious equality ζ X = ∩ f ∈G(X)( f ζ )−1(R) it follows that ζ X is realcompact. Furthermore, since X is dense
in βX , we derive that π [X] is dense in π [βX]. Moreover, f ζ (π(x)) = f (x) ∈R for all ( f , x) ∈ G × X . Hence, π [X] is dense
subspace of ζ X . Deﬁne a function πX : X → π [X] by πX (x) = π(x) for all x ∈ X . Obviously, π is surjective. Besides, the
fact that G separates points and closed sets in X yields quickly that π(x) = {x} for all x ∈ X . This shows that πX is a
homeomorphism. Henceforth, we consider X as a dense subspace of ζ X . Choose f ∈ G and denote the restriction of f ζ to
ζ X again by f ζ . Therefore, f ζ ∈ C(ζ X) and f ζ (x) = f (x) for all x ∈ X . This means that f ζ is an extension of f in C(ζ X).
In summary, ζ X is a G-realcompactiﬁcation of X . In view of Theorem 2.2, it remains to show that any separating bounded
homomorphism with domain G is a weighted ζ X-composition map on G . Let S : G → C(Y ) be a such a homomorphism.
Put w = S1 and let y ∈ coz(w). Deﬁne hy ∈ σ X by
hy f = 1
w(y)
(S f )(y) for all f ∈ G.
For every f ∈ G and n ∈ {1,2, . . .}, set
F ( f ,n) = {u ∈ ζ X: ∣∣ f ζ (u) − hy f ∣∣ 1/n}.
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Assume by the way of contradiction that there is no uy ∈ ζ X for which hy f = f ζ (uy) for all f ∈ G . Therefore, the inter-
section of all sets F ( f ,n) is empty. Hence, there exist m ∈ {1,2, . . .} and ( f1,n1), . . . , ( fm,nm) ∈ G × {1,2, . . .} such that




∣∣ fk − (hy fk)1∣∣ ∈ G.










Hence, there is a point x in X for which f (x) < 1/n. It follows that if s ∈ {1,2, . . . ,m} then
∣∣( f s)ζ (x) − hy fs∣∣= ∣∣ f s(x) − hy fs∣∣ f (x) < 1/n 1/ns.
This leads to the contradiction
x ∈ F ( f1,n1) ∩ · · · ∩ F ( fk,nk) = ∅.
It follows that there exists uy ∈ ζ X such that hy f = f ζ (uy) for all f ∈ G . Such a point is unique because the family
{ f ζ : f ∈ G} separates the points of ζ X . A function ϕ : coz(w) → ζ X can thus be deﬁned by ϕ(y) = uy for all y ∈ coz(w).
We get (S f )(y) = w(y) f ζ (ϕ(y)) for all ( f , y) ∈ G × coz(w). The rest follows from similar arguments as previously used in
the proof of the implication (i) ⇒ (ii) in the main theorem. 
At the end, notice that the deﬁnition of ζ X only involves the separation property and does not require G to be an
-subgroup of C .
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